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Abstract 

A stochastic model for cooperative transitions in biological systems based on a Markov chain is proposed. This model 
requires only two parameters, the mean probability, p, and the coupling capacity, Ap, which measure the probability of 
forming a new weak bond depending on the number of similar bonds already formed and it is also responsible for the 
transition. In this paper we show how the model works for a large number of identical molecules and how it can be useful 
for studying the noise around the centre of the transition where, increasing the degree of cooperativity, i.e. the number II in 
the well-known Hill equation, the width of the noise increases along with its fractal dimension. A simple relationship 
between the degree of cooperativity and the parameter Ap is proposed, suggesting that the cooperativity of real biological 
transitions is related to the coupling capacity Ap of the present model. 

Ke~wor~l.st Stochastic model; Markov chain; Cooperativity; Sigmoidal transition; Fractal dimension; Computer simulation 

1. Introduction 

In a previous paper [l], a stochastic model for 
cooperative interactions in proteins was proposed. 
The cooperativity in biological systems involves the 
concerted formation or rupture of many similar weak 
chemical bonds. Mathematically, this situation can 
be described by a Markov chain, which, even de- 
pending on two parameters only (the mean probabil- 
ity p and the coupling capacity A p), offers a surpris- 
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ing wealth of qualitative behaviours when the two 
parameters are varied. 

In our model the probability of forming a new 
bond depends on the total number of bonds already 
present in the system: the higher the number of 
bonds already formed, the greater the probability that 
additional bonds can be formed, and vice versa. 

The aim of the present paper is the application of 
this mathematical model to the biological systems 
which undergo transitions following a sigmoidal 
curve. We point out that the model, which is a 
stochastic one, appears to improve the qualitative 
description of the above biological systems, in addi- 
tion to the more familiar deterministic models. The 
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advantages of this stochastic model are the follow- 
ing: 
* the simplicity of the model; 
* the fact that it depends on two parameters only; 
* the relatively short simulation time required. 

In fact, the model depends on the microscopic 
parameters p and Ap; the mean probability p is 
related to exp(-AG/RT), where AC represents the 
mean activation free energy for the formation of a 
chemical bond, T is the absolute temperature and R 
is the Rydberg constant. In this way the parameter p 

is directly controlled by physical, macroscopic vari- 
ables such as temperature, pH, etc. On the other 
hand, the number Ap turns out to express the degree 
of cooperativity, which is related to the steepness of 
the sigmoidal curve, as otherwise expressed by the 
well-known parameter (Y (see below). Thus, once (Y, 
i.e. the slope of the tangent line to the sigmoidal 
curve at the middle point of the transition, is deter- 
mined, we can calculate, by our model, the coupling 
capacity A p. 

More in detail, the cooperative systems are char- 
acterized by a sharp transition, indicating that a large 
variation of the output takes place in a very small 
interval of the independent variable. Significant ex- 
amples of these systems are: 
- the binding of four oxygen molecules to one 

haemoglobin molecule [2]; 
* the thermal transition from gel to sol phase of 

artificial and natural membranes [3]; 
* the unfolding of macromolecules like DNA, pro- 

teins, etc. [4]. 
All these phenomena are empirically described by 

a sigmoidal curve: 

where cr is related to the cooperativity of the change 
in y as a function of x > 0. Here, x can be consid- 
ered as a physical state-variable of the system and y 
the related variable which indicates if, and how, the 
transition takes places. 

When (Y = 1, the transition is non-cooperative, 
while for (Y -+ m (in practice, (Y being large) the 
transition is all or none and the total change in y 
takes place in a very narrow interval of x. Indeed, 
for CY large enough, there are two values, say x_ 
and x+, such that the function given in Eq. 1 

appears to be approximately zero for 0 I x < x_ and 
it is approximately 1 for x > x+. Then, we can 
interpret the situation as follows: if x > x, the 
system passes to another state and the transition 
occurs; if x < x_ the transition does not occur. The 
nature of this phenomenon is showed particularly in 
the case when x_ = x+, since now a threshold value 
of x exists, such that below this value a transition 
never occurs, while above this value a transition does 
take place. Then, for x varying in a very small 
interval around the threshold value, two different 
behaviours can be observed, showing an intrinsic 
instability of the system as a function of x. 

The distribution of the noise of the dependent 
variable around the midpoint of the sigmoidal transi- 
tion is described by a very complex function, when 
the independent variable fluctuates randomly with a 
Gaussian distribution. The function describing the 
noise of y is characterized by its tails indicating a 
non-negligible contribution of extreme values of y. 
In the present work we also propose an alternative 
characterization of the y-noise, by measuring its 
fractal dimension [5]. The use of non-linear mathe- 
matical tools for the interpretation of the complex 
behaviour of biological systems has already been 
reported in the literature (see e.g. [6-81). 

In a previous paper [l], we have measured the 
degree of cooperativity by the parameter Ap (cou- 
pling capacity). In the present paper we describe the 
relation between the cooperativity (Y and the parame- 
ter Ap. In this case, we show that the mean value of 
the state of the system (i.e. the number of bonds 
present) as a function of the parameter p, just be- 
haves as the sigmoidal curve given by Eq. 1. Experi- 
mental data have also been compared with our 
stochastic model; indeed some sigmoidal curves re- 
lated to cooperative transitions in biological systems 
(oxygenation of haemoglobin, helix-coil transition 
in polylysine, and thermal phase transition in DPPC 
vesicles) can be approximated well enough by the 
sigmoidal curves obtained using this model, and the 
cooperativity parameter Ap can be estimated (see 
Section 3). 

In this paper, at variance with the previous one 
[ 11, we take into consideration a population of 
molecules, so that the parameters p and Ap are not 
fixed, but fluctuate around the mean values p and 
G. In this way, the values p and G become 
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macroscopic parameters, while the fluctuating values 
p and Ap are the microscopic ones. 

The qualitative behaviour of the system has been 
studied both theoretically and by computer simula- 
tion. 

2. Model 

In this section, we briefly recall the model for 
cooperative interactions in proteins considered in [ 11. 

A definite number of equivalent particles (in this 
particular case the chemical groups responsible for 
the formation of identical weak bonds in the macro- 
molecules) and all possible pairing bonds among the 
particles of the system are considered. A configura- 
tion is defined by a sequence of binary random 
variables 

{t:j)jk= 1 N . . 

such that 

if the kth pair is linked at the discrete time j, 

otherwise. (Here N is the total number of pairings 
among the particles.) The evolution of the system, 
starting from an initial configuration t(O), is de- 
scribed in terms of the total energy of the system at 
time j: 

N 

(2) 
k= I 

All the qualitative features of the model are 
uniquely determined by the following Ansatz: 

pr( gj+ 1) = +I)=p+~S,(p) 
which means that the probability that the kth bond is 
formed at time j + 1 depends linearly on the total 
relative number of bonds already present (that is, 
existing at time j). This dependence is completely 
determined by two parameters which we call p and 
Ap. The parameter p, which we have called the 
mean probability, is the probability of forming a 
bond when the total number of existing bonds is 
exactly N/2, as in this case SN(e(j)) = 0. The pa- 

rameter Ap, which we have called the coupling 
capacity, is the maximum of the increment of the 
probability to form a chemical bond for a given p. 

These two parameters are supposed to satisfy the 
coherence conditions: 

p&Ap<l p>ApzO (4) 

which state that all probabilities (Eq. 3) have indeed 
values between 0 and 1. 

Note that from Eq. 3 it follows that the larger is 
Ap, the faster is the transition in the macromolecule. 

For each fixed time j, the random variables [j”, 
k= 1 , . . . ,N are conditionally independent, given a 
fixed level, say n, of the total energy, and Bemoul- 
lian with distribution: 

pr( [:j+ 1) = + lIS,( 5”‘) = R) =p + Ap; (5) 

Introducing the new variables qk = (l/2)( ck + 1) 
and considering the energy X, in the new variables 
qk at time j: 

k= 1 

we obtain that Xj is a Markov chain (MC) with state 
space IO,l,. . . ,N) and transition probability given by 
(see [ 1 I> 

P nm = Pr( x,+ I = mix, = n) 

p-Ap+2-%r 

m 

N 1 
x l-(p-Ap)-2;n 

[ 1 N-m (6) 
When p>Ap>O and p+Ap< 1, the MC is 

irreducible because p,,, > 0 Vn,m (see ill>; so there 
exists a unique invariant distribution {rrk}, k = 
0,. . . ,N, and the phenomenon of convergence to 
equilibrium holds, i.e. 

lim pj;)= mk tli~ {O,...,N} 
n--r= (7) 

where pi;) is the probability that the system goes 
from the state i to the state k in n steps. The 
probabilities rrk are called stationary probabilities, 
that is, rrk represents the probability that the process 
stays at the state k, at equilibrium, i.e. after an 
infinite time, irrespective of the initial state i. 
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For large N, by using an heuristic argument based 
on the law of large numbers, the following asymp- 
totic approximation of the stationary probability can 
be found (see [ll, Eq. 2.28): 

1 

‘rrkN (1 -~AJT)~ 

x(1 -A~-P)~-~, A,#; (8) 
L 

However, for p = l/2, the estimate in Eq. 8 is 
meaningless, since it gives rise to a binomial distri- 
bution with parameter l/2, independent of Ap. 
Moreover, the more p deviates from l/2, the better 
is the agreement between the exact values of rri and 
those given by Eq. 8 (see 111). The convergence to 
the equilibrium given in Eq. 7 implies the validity of 
the ergodic theorem. Then, the time average of the 
state of the system during the time interval [0, + m> 
(which depends on p and Ap) can be calculated by 
the limit: 

x= E,,pp( X) = ;?I + .$ xi = 2 kn, (9) 
J-O k-0 

Using the estimate from Eq. 8, we obtain for large 
N: 

The value of x, obtained by computer simulation, 
agrees very well with the formula in Eq. 10, also for 
N not very large (Fig. 1). In Fig. 2a, a typical 
simulation run of X, is reported; in Fig. 2b and c, 
different representations of two trajectories are re- 
ported using a Xj + Xj+L graph. In Fig. 1, the 
computed value of (I/N)X is plotted as a function 
of p, for several increasing values of the parameter 
Ap, with the constraint p E [Ap,l - Ap], for N = 
100. It is evident that y = x as a function of x = 2p 
is linear and can be considered a trivial case of a 
sigmoidal curve. 

3. Macroscopic ensemble of protein molecules 

In this section we extend the model in order to 
take into account a large number of protein 

Fig. 1. Plot of the normalized time average ,? = ( l/N)Ep.,,(X) 
as a function of p. at increasing values of Ap, from 0 to l/2 with 
the constraint p E [Ap,l - Apl. Here tbe simulation has been 
made by using the MC with transition probabilities given by Eq. 
7. 

molecules. All the molecules are assumed to be 
identical and to undergo the same chemical reaction 
but each molecule can exist at a slightly different 
conformation during the reaction. This ensemble can 
be regarded as a distribution of conformations de- 
tectable by experimental techniques (see [9]). We 
suppose that the folding of each individual protein 
molecule is occurring by the stochastic evolution 
described in Section 2. 

Now, we are trying to characterize the evolution 
of the protein state by means of macroscopic param- 
eters which could be experimentally measured, such 
as fluorescence lifetime [IO,1 11, as a function of 
independent experimental variables like temperature, 
chemicals potentials, or pH. Thus, the microscopic 
parameters p and Ap are no longer suitable to 
describe a system consisting of a large number of 
protein molecules in slightly different states. Indeed, 
a measurement of a macroscopic parameter is the 
mean value of that parameter, which is fluctuating 
around the mean. 

We suppose to follow the state of an individual 
molecule which belongs to a large ensemble of 
molecules for which the mean value of the parame- 
ters, say p and G, are known. However, the p and 
Ap values of each molecule can vary according to 
random variables normally distributed with mean 
values F and fi, and variance u2, (T being a given 
positive number. 
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Moreover, we want to remove the constraint (see 
Bqs. 4 and 5) 

P E [APJ - ApI (11) 

in order that the parameter p as well as Ap can 

~,,,,l,,,,I,,,,l,,,,1,,,,l,,i 
0 200 ‘loo 600 800 1000 

time 

o L-l_,,,,! 
0 10 20 30 

xi 

0 20 40 60 80 100 

assume the meaning of a physical variable. Gener- 
ally, we should consider the interval [O, + m> as the 
range of p and hp. However, for the sake of 
simplicity, we shall consider the case in which the 
parameters p and Ap are bounded numbers which 
can take independently only values in the interval 
[O,l]. By an obvious change in the scale, we can 
reduce to the general case of parameters assuming 
any positive (bounded) value. 

Then, recalling the relation of Eq. 3, and denoting 

4j=P + +‘,W( 5”‘) 

we modify it as follows: 

L 

0 if qj < 0 

j+.( t,“+ 1) = +l)= 4, ifqjE [O,l] 

1 if qj > 1 
(‘2) 

Now, Eq. 12 is meaningful for any value of p and 
Ap belonging to the interval [O,l], without any 
constraint on their values. 

Proceeding as done in Section 2, by considering 
the random variables qij), we can construct an MC 
with state space {O,l, . . . ,N} in which the transition 
probabilities from a state n to another state m are 
calculated by using Eq. 12 instead of Eq. 3. Now, we 
are not able to recover the ergodic properties of the 
MC as in the case in which Eq. 3 holds. 

If L is a large integer which denotes the number 
of molecules of the considered ensemble, for any 
molecule i= l,... ,L, we have computed by numeri- 
cal simulation of the MC: 

Fj = E,,,A,,( X) = 

Fig. 2. (A) Plot of the state X, of the system (vertical axes) versus 
time (horizontal axes) for N = 300, p = 0.5, Ap = 0.495 and 
X, = 150 (initial state), obtained by simulating the MC. Obtained 
from Fig. 1 of [I]. (B) Plot of the state X,+ , versus X, in the 
case of the MC, for p=O.4, Ap=O, N=50 and X,=0. Note 
that a shell around the most probable value X = 20 is filled up. 
Obtained from Fig. 8 of (11. (C) Plot of the state X,, , versus X, 
in the case of the MC, for p = 0.5, N = 100 and Ap = 0.49505. 
Since the system visits all the states with almost the same 
frequency, in this case, a flattened she11 appears to be filled up, 
around the bisecting line. Obtained from Fig. 9 of [l]. 
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that is the time average of the state of the system 
relative to the molecule i, during the time interval 
[0, + m). (In this calculation, p is kept fixed, while 
Vi= 1 , . . . ,L, A pi is the realization of a normally 
distributed random variable with mean q and vari- 
ance 17~. The discrete time variable j is indicated 
with c for the sake of clarity. This notation change 
will be used throughout in the following.) 

Then we have computed the ensemble expectation 
of the time average of the state of the system formed 
by all the L molecules, during the time interval 
[O, + co): 

(14) 
In Fig. 3, the quantity (l/N)< X)A, is plotted as a 
function of p E [O,l], corresponding to several val- 
ues of G; Vi= 1 , . . . ,L A pi is randomly dis- 
tributed according to a Gaussian with mean bp and 

2 variance cr . 
Alternatively, we have computed 

( 15) 

1.0 

0.8 

0.6 

R” 
x 

_; 0.4 

0.2 

0.0 
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P 

Fig. 3. Plot of the normalized ensemble and time average 
(l/N)( X)a, as a function of p ~[0,1], in correspondence with 
increasing values of G from 0 to 1; Ap is randomly distributed 
according to a Gaussian with mean q and standard deviation 
D = 0.1 Hem the simulation has been made by using the MC 
obtained by EIq. 12 (see Section 3), L = 1000 and the approxima- 
tion to the limit 2 has been computed for T = 1000 iterations. 

P 

Fig. 4. Plot of (l/N).?*, as a function of p E [O,l], in correspon- 
dence with increasing values of G from 0. to 0.8 (solid lines); 
A p is randomly distributed according to a Gaussian with mean fi 
and standard deviation o = 0.2. Plot of (l/N)FO as a function of 
p E[O,I], in correspondence with increasing values of p from 0. 
to 0.8 (dashed lines); p is randomly distributed according to a 
Gaussian with mean j and standard deviation o = 0.2 Here the 
simulation has been made by means of the MC obtained by Eq. I2 
and the approximation to the limit .? has been computed for 
T = 10000 iterations. 

that is the time average of the state of the system 
relative to one molecule extracted from the consid- 
ered ensemble, supposing to maintain p fixed and 
letting Ap = Ap(t) vary, at any time t of simula- 
tion, according to a Gaussian _&‘a, (T 2 >. We have 
also computed 

xp = fiI+; ; ; X[LP( r>] 
t= I 

(16) 

that is the time average of the state of the system 
relative to one molecule extracted from the consid- 
ered ensemble, for Ap fixed and variable p, at any 
time t of simulation, according to a Gaussian vari- 
able with mean p and variance CT*. 

In Fig. 4, (l/N)&, is plotted as a function of 
p E [O,l], in correspondence with several values of 
G (solid lines); A p is randomly distributed accord- 
ing to a Gaussian with mean G and variance CT*. In 
the same figure, also (l/N)j?P is plotted as a func- 
tion of p, in correspondence with several values of 
Ap, where p is Gaussian with mean $ and variance 
CT* (dashed lines). 

In Figs. 3 and 4, the curves assume a sigmoidal 
shape. Moreover, the curves related to the double 
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expectation ( X )A p and to the time average XA,, are 
qualitatively the same. 

Thus, in order to save a lot of computation time 
for the simulation, we can suppose to compute the 
mean given by iA, instead of ( X)A~, obtaining the 
same qualitative results. For all figures, the approxi- 
mation to the limit x has been calculated for T = 
10000 iterations, while L has been taken equal to 
1000. 

Indeed, as far the data of the Fig. 4 are concerned, 
the computed value of (l/N)gA, as a function of 
p=xE[O,l] i f’ d s ttte satisfactorily by the curve (see 
Fig. 5) 

(2x)” 
y= 1+(2x)” 

(17) 

By least square interpolation, we have found that 
also the exponent (Y turns out to be a sigmoidal 
function of G (see Fig. 6; in the caption to Fig. 6 
the sigmoidal function is precisely indicated). More- 
over, the shape of this function does not vary strongly 
with cr. From Fig. 6 it is possible to calculate the G 
value corresponding to a given (Y value (in the range 
O-50). In this way we can apply our stochastic 
model to real cooperative transition in biology. We 
have selected three representative examples: oxygen 
binding to haemoglobin (Fig. 7a), pH-induced 
helix-coil transition in polylysine (Fig. 7b) and ther- 
mal phase transition in DPPC vesicles (Fig. 7~). In 

Fig. 5. Example of fitting (1 /N)i&, by the curve given in E?.q. 
17, with o = 0.1, hi;= 0.5, (Y = 28. (On the horizontal axes p. 

on the vertical one (l/N)j7,,,.) 

c .“,c I 
” . 

Fig. 6. Plot of the exponent LY as a function of G, where (Y is the 
exponent in Eq. 17, for the sigmoids relative to (I /N)( X ) (on 
the horizontal axes G, on the vertical one s = u /2). Indeed, 
s(o) is the slope of the tangent line to the curve a = at&?), at 
G= l/2. Here o = 0.1, but the results does not vary apprecia- 
bly with o. The values obtained by computer simulation are 
marked with *; they are fitted by the sigmoid of equation .\ = A 
+[(B - A)G”]/[C” +=“I, where A = 1.38, B = 25, C = 
0.516 and D = 5.58. Also plotted is the curve i/(1 - 2hi;). that 
is the slope of the lines given by X/N in Eq. 10, which represent 
the theoretical estimates in the case of constrained values of 
p E [Ap,l - A p], with no distribution of Ap. For &j small 
enough, as one expects, the latter curve agrees well with the one 
of .schj;. 

each case, the transition was fitted with a general 
sigmoid: 

y=A+ (B-G” 
CD +xD (18) 

The fitting values used for each parameter are re- 
ported in the figure captions. The fitting was per- 
formed using a standard numerical fitting program 
based on the Marquardt algorithm. The function in 
Eq. 18 can be transformed into Eq. 17 by an appro- 
priate change of variables. In the case of Fig. 7c, a 
further change of variables has to be applied to 
reverse the curve, i.e. to change it into its symmetric 
one with respect to the value C. Notice that the 
exponents (Y in Eq. 17 and D in Eq. 18 are propor- 
tional to the slope of the tangent lines to the curves 
at the middle point of transition. However, as can 
easily be seen, in the cases of Fig. 7a and b, the D 
value in Eq. 18 is equal to the a value in Eq. 17, 
while in Fig. 7c, (Y = -D. 

By inverting the sigmoidal function cy = c~(hp) 
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which gives cx as a function of q (see the caption 
to the Fig. 6, where this function is precisely indi- 
cated), once the value of lD( = cr is known for each 
of the three selected cooperative transitions, the 
responding values of bp can be found. The 

c 0.30 

f 

0.1ot 

1”““““” 1 ’ ” ’ ” ” . 

??
??

1 7 

I 7 

values obtained in such a way are also indicated in 
the figure captions. 

4. Analysis of sigmoidal-like simulations 

In the preceding sections we have considered a 
model for cooperative interactions in macro- 
molecules characterized by two parameters, p and 
Ap, one of which, Ap, measures the degree of 
cooperativity of the system. Indeed, the time average 
of the state of the system in an infinite time interval 
gives rise to a sigmoidal-like curve, when plotted as 
a function of p, and the greater the value of Ap, the 
more cooperative is the system, i.e. the steeper the 
sigmoidal behaviour. 

Thus, we can say that the parameter Ap is not 
only a measure of the cooperativity of the system, 
but it also gives information about the complexity of 
the system. 

In this section, we shall deal with general sig- 
moidal-like phenomena obtained by computer simu- 
lation and, in order to measure the complexity of a 
system, we introduce the so-called fractal dimension. 

We recall that the fractal dimension (of covering) 
of a set E embedded in Rd is defined by (see [5]): 

D= ,:y+ OWWbW~N (19) 

Fig. 7. (A) Oxygen dissociation curve (marked with * ) of Hb in 
whole blood; on the horizontal axes the pressure po,, on the 
vertical one Yo, (data obtained from [13]). The curve has been 
fitted with the sigmoid y = A +[(B - A)x”]/[CD + x”], with 
A = 0.078, B = 0.961, C = 1.459 and D = 3.066. By inverting the 
sigmoid function o = am (see the caption to Fig. 9), we get 
that an haemoglobine-like curve can be obtained with our model, 
taking q= 0.2013. (B) Helix-coil transition in polylysine; on 
the horizontal axes pH, on the vertical one ellipticity at 222 pm 
(the data, marked with *, are obtained from [4]). The curve has 
been fitted with a sigmoid in which A = -4.26, B = 0.437, 
C = 0.777 and D = 39.88 . By inverting the sigmoid function 
a = amp), we obtain the value c= 0.6513. CC) Phase thermal 
transition in DPCC vesicles; on the horizontal axes the tempcra- 
ture, on the vertical one the fluorescence anisotropy (the data, 
marked with *, are obtained from [ 141). The curve has been fitted 
with the sigmoid in which A = 0.083, B = 0.2859, C = 1.62 and 
D = - 41.89. By inverting the sigmoid function (Y = rump), we 
obtain the value G= 0.68. Then, we can observe an increase in 
the cooperativity degree from the case of Fig. 7a to the one of Fig. 
7c. 
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where N(r) is the number of d-cubes of side I 
which cover the set E. 

We have dealt with some simulation runs of 
sigmoidal-like transition and we have computed the 
fractal dimension of a certain set of trajectories 
obtained during the simulation. 

Of course, the fractal dimension of any trajectory 
obtained by computer simulation is zero, being a 
discrete set. However, by computing the quantity in 
Eq. 19 for r small enough, but not infinitesimal, one 
can obtain non-trivial qualitative information on the 
nature of the trajectory. This information is given by 
a number which we call fractal dimension (see also 
[ll). 

We recall from the Introduction that the sig- 
moidal-like phenomena are empirically characterized 
by transitions following the curve given by Eq. 1, 
where the power CY is related to the degree of 
cooperativity of the change in y as a function of 
x 2 0. However, in cooperative phenomena, the vari- 
able x is not purely deterministic. We can suppose 
that it varies according to a Gaussian distribution 
with mean value m = X > 0 and variance oz. By 
introducing an indetermination on the variable x, our 
aim is to characterize the fluctuations of y, as a 
function of x and (Y. For several values of m, CT and 
(Y, we have numerically obtained samples of points 
(x,) distributed according to N(m,a *), and then we 
have computed yj by means of Eq. 1. Thus we have 
obtained a set of points { y,] from the interval [O,ll. 
In Fig. 8 two examples are reported for a Gaussian 
with nz = 1, (T = 0.6 and two different values of cr. 

For instance, by considering the deterministic 
transition given by x + x/t 1 + X> for x = m = 1, we 
obtain the transition 1 --f l/2. By introducing a ran- 
dom fluctuation about X, according to a normal 
distribution, we do not obtain exactly the value l/2, 
but a different value, and the larger the dispersion 
(i.e. the larger is a), the more this value deviates 
from l/2. Repeating the procedure, we obtain, for 
small values of LT, a set of values ( yj) which lie 
approximately near the line y = l/2 in a plot of y 
versus j; j can be interpreted as the time, and the 
number (xi) as the values (around the mean value m> 
assumed by the state-variable of the system at suc- 
cessive time intervals. 

It is easily understood that, for large values of (T 
and a being large, the points { yj} obtained in the 

Fig. 8. Panel a: graphs of the Gaussian density (m = 1, u = 0.6) 
and of the sigmoid curves given by Eq. I as function of x, for 
a = 4 (1) and a = 2 (2); panels b and c: plots of points { y,) from 
the interval [O,l] (trajectory) as a function of time j obtained by 
using Eq. I, where the points (x,) are sampled at successive 
instants j from a Gaussian with m = I and (T = 0.6 for a = 2 (b) 
and a = 4 tc). 

way described above are widely spread in the inter- 
val [O,l]. Interpreting these points as an orbit, this 
orbit appears to be dense in the interval [O,l]. 

We have computed the fractal dimension of the 
orbits obtained in this way, by means of Eq. 19, and 
we have related it to the cooperativity cy of the 
system, as a function of m and CT. As expected, 
when the orbits appear to be dense in the unit 
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Fig. 9. Plot of the fractal dimension D (vertical axes) of the set 

d I 4 

u 

(y:) E [O,l] obtained by sampling (x,) according to a normal 
distribution and then applying the sigmoidal function y = x”/(l 
+ x”), for several values of (I from 1 to 4 (horizontal axes). The 
various curves refer to different values of the mean value m and 
of the standard deviation (T of the normal distribution. Precisely, 
the curve denoted with 1 refers to the case when m = 1 and 
D = 0.3; the curve 2 refers to m = 1 and (+ = 0.6; the curve 3 
refers to m = 1.25 and CT = 0.3; the curve 4 refers to m = 1.25 
and (T = 0.6; the curve 5 refers to m = 0.75 and (T = 0.3; the 
curve 6 refers to m = 0.75 and u = 0.6. The fractal dimension D 
takes the maximum for LI = 4 and m = 1, (T = 0.6 (curve 2). In 
this case the set of points ( yJ appears to be dense in [O,l]. 

interval, the fractal dimension reaches a maximum 
(Fig. 9>, showing the greatest degree of cooperativity 
(that is complexity, in some sense> of the system. 

5. Conclusions 

Our stochastic model requiring only two parame- 
ters p, the mean probability, and Ap, the coupling 
capacity, can account for the main feature of cooper- 
ative transitions. In fact the simulated behaviour 
shows a transition which becomes more and more 
cooperative with increasing Ap value. Thus Ap 
corresponds to the degree of cooperativity of the 
system, while p relates to the independent value of 
the transition. The simulated transitions with fixed 
values of Ap and p do not show sigmoidal be- 
haviour but have a linear shape (Fig. 1). 

A sigmoidal pattern is instead obtained by intro- 
ducing distributions in Ap (or p), which in the 
protein folding example, correspond to conforma- 
tional distributions (Figs. 3 and 4). A sigmoidal-like 

relation between Ap and (Y has been established 
(Fig. 6). 

A further outcome of this study concerns the 
noise of the dependent variable y at the midpoint of 
the transition (x,,,). We observe that the width of 
the noise increases with the exponent (Y of the 
sigmoid (Fig. 8). This phenomenon was already 
reported by Weber [ 121 in a paper concerning a 
simulation of the conformational drift in oligomeric 
proteins. The frequencies of the y values obtained 
with a random fluctuation of x around x,,~ is 
approximately a Gaussian at low (Y values, but flat- 
tens as cr increases and at high enough cz values 
becomes concave, as the contributions from the ex- 
treme values of y are predominant (Fig. 10). 

Finally, we have introduced a new measure of the 
y-noise, in the fractal dimension of the time trajecto- 
ries of y(t). The results obtained with the simulated 
data show that the fractal dimension increases (from 
0 to almost 1) along with cy, suggesting that the 
cooperativity can be evaluated by means of the 
fractal dimension of the noise. 

All numerical computations and simulations have 
been executed by means of a VAX 8600 Computer 

b 

0.06 

0.0 0.4 0.6 
(Y,, 

0.6 

Fig. 10. Plots of the frequencies of { y,) for m = 1, (T = 0.6 and 
(I = 2 (a), a = 4 (b) and a = 8 (c) (see also Fig. 9). 
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at the Department of Mathematics, the University of 
Rome ‘ ‘Tor Vergata’ ’ . 
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